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Abstract. The elements of the ring of bidegree (0, 0) additive unsta- 
ble operations in complex X-theory can be described explicitly as certain 
infinite sums of Adams operations. Here we show how to make sense of 
the same expressions for complex cobordism MU, thus identifying the 
"Adams subring" of the corresponding ring of cobordism operations. We 
prove that the Adams subring is the centre of the ring of bidegree (0, 0) 
additive unstable cobordism operations. 

For an odd prime p, the analogous result in the p-local split setting is 
also proved. 



1. Introduction 

In an injective ring map was defined from tiie ring of stable degree 
zero operations in p-local i\ -theory to the corresponding ring of cobordism 
operations. The main theorem identified the image of this map as the centre 
of the target ring. 

Here we show that that same thing happens in the additive unstable set- 
ting. For a cohomology theory E, we work with additive unstable bidegree 
(0,0) operations, that is natural transformations E^(—) — > E^(—), where 
the functor E^{—) is viewed as taking values in abelian groups. 

For E = KU, the complex K-theory spectrum, all such operations can 
be described in terms of Adams operations, where certain specified infi- 
nite sums of Adams operations are allowed. This goes back to work of 
Adams 0. 

Since unstable Adams operations also exist for cobordism ifTOH Tll. we can 
consider the corresponding expressions for MU. The same infinite sums 
converge and this allows us to define a ring map from the additive unstable 
bidegree (0, 0) K-theory operations to the corresponding MU operations. 

The main work of this paper is devoted to showing that the image of this 
map is precisely the centre of the target. The methods are close to those 
used in the stable case, but suitably adapted to incorporate the Hopf ring 
techniques necessary in the unstable case. They exploit duality between 
operations and cooperations for X-theory and for cobordism and they rely 
on the fact that the operations under consideration are determined by their 
actions on homotopy groups. In one respect the additive unstable case is 
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simpler than the stable situation: we are able to produce integral results 
directly rather than by piecing together p-local results for each prime. 

In the final section we prove the analogous result in the p-local split set- 
ting. 

This paper is based on work in the Ph.D. thesis of the first author flU, 
produced under the supervision of the second author. 

2. Action on homotopy groups 

In this section we note the important fact that the operations we will be 
considering act faithfully on homotopy groups. 

First we introduce some notation. Our main reference for background on 
cohomology operations is [4J and we adopt their notation and grading con- 
ventions. The cohomology theories we will be concerned with are complex 
K-theory KU and complex cobordism MU. For an odd prime p, we will 
also consider the Adams summand of p-local complex K-theory, which we 
denote by G, and the Brown-Peterson theory BP. 

For a cohomology theory E, we denote by E_f, the infinite loop spaces 
in an r2-spectrum representing E. The unstable bidegree (0, 0) operations 
of E'-theory are given by E^{Eq) = [E_q,E_q]. This is given the pro finite 
topology and, as noted in [jU, it is complete with respect to this topology 
for all of our examples. Inside here are the additive unstable bidegree (0,0) 
operations PE^{Eq), which we will denote simply by A{E). Again, in 
all the theories we consider, A{E) is complete with respect to the profinite 
filtration. 

All our theories have good duality properties (see flU). In particular, op- 
erations are dual to cooperations: we have an isomorphism of i?* -modules 

E*{E^) = \iomE^{E,{E^,E*). 

The right-hand side is given the dual-finite topology: we filter by 

ker {homE*{E,{Ej^),E*) homE*{L, E*)) , 

where L runs through finitely generated i?*-submodules of E^{E_q). Then 
the above isomorphism is a homeomorphism with respect to the profinite 
topology on the left-hand side and the dual-finite topology on the right-hand 
side. 

The additive operations A{E) are dual to QE^[Eq), the indecomposable 
quotient of the cooperations for the ^^r-product: 

A{E) = PE*{Eq) = homE*{QE,{Ej,),E*). 

Let Ab=K denote the category of M-graded abelian groups and degree zero 
morphisms of abelian groups. So Ab*(M, N) denotes the degree zero ho- 
momorphisms between two graded abelian groups M and A^. 

Given an unstable operation 6 E E^{E_q) = [E_q,Ej^], we may con- 
sider the induced homomorphism of graded abelian groups : 'k^,{Eq) — * 
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''^*{Ko) given by the action of 6 on homotopy groups. Sending an opera- 
tion to its action on homotopy groups in this way gives a homomorphism of 
rings 

We will consider the restriction of this map to the additive i^-operations 
A{E) and denote this by Pe'- 

Pe ■■ A{E) ^ Ab, (7r,(Eo), 7r,(^o)) 

Proposition 1. For E = MU, BP, KU or G, the map 

(3e : A{E) ^ Ab, (7r,(Eo),7r,(^o)) 

is injective. 

Proof. As noted above, each of these theories has good duality, so any 6 E 
A{E) is uniquely determined by the corresponding £'*-linear functional 

: QE^iE^) ^ E*. 

As QE^{E_q) and E* have no torsion, it is enough to show that 9^ deter- 
mines 

9 Iq : QE^:{E_q)q — > Eq, 

where we are writing Mq for M ® Q. 

By 111 12.4], the action of an operation on homotopy is given in terms of 
the corresponding functional by 

9.{t) = W^m{t)) 

for t G E~'^^. (Note that each of our theories E has coefficients E* concen- 
trated in even degrees.) Here r]R : E* ^ QE^{E_q) is the right unit map and 
e G QEi{Ej) is the suspension element. 

Now for each of our theories E, every element of QE^(E_q)q is an Eq- 
linear combination of elements of the form e^^7]R{t), where t G E~'^^. 
(See flU; this may be proved by an inductive argument using the relations 
in QE^{E_^).) It follows that ® 1q is completely determined by 6'* as 
required. □ 

3. Adams Operations 

We begin by discussing the definition and properties of unstable Adams 
operations in K-theory and cobordism. We will denote our ground ring by 
R. Thus R = Zfor E = MU or E = KU and R = Z(p) for E = BP or 
E = G. 

The unstable Adams operations in i^-theory \E'x^, for G Z, were con- 
structed in [IJ. Unstable Adams operations for complex cobordism MU 
and for the Brown-Peterson theory BP were defined by Wilson [fTOll and 
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also discussed by Kashiwabara [171. These sources give us the following 
proposition. 

Proposition 2. Let E = MU, BP, KU or G. For k e R, there is an 
unstable Adams operation G A{E) such that {^%)* : T(2n{Ej^) 
^2n(^) is multiplication by k^. These operations satisfy ^E'^^E'^ = ^^e- 
Furthermore \E'|; is multiplicative. □ 

For KU, all additive unstable bidegree (0, 0) operations can be described 
in terms of Adams operations. 



Theorem 3. O The topological ring A{KU) may be identified with the 

oo K 
n=0 ^n^n 



collection of infinite sums {X]^o '^n'^n^ \ ^ where 



J,— n \ / 



fc=0 



These expressions are added termwise and multiplied using ^ ku^ ku ~ 

■qjkl r-| 
^ KU- '-' 

Explicit multiplication and comultiplication formulas for this topological 
basis, as well as further results, can be found in [9]. 

We now show that the corresponding infinite sums of Adams operations 
are also defined for MU. First we note some information about the Adams 
operations viewed as functionals on the cooperations. 

Lemma 4. The Adams operation "^^u considered as afunctional 



: QMUJ MU. ) ^ MU* 

is determined by 

e^^mix) ^ k^x forxeMU-'^^. 



Proof. As noted in the proof of Proposition [H '^\iu ® 1q determines 
and it is enough to specify this Mf/* -linear map on elements of the form 
e^^riR{x) for x G MU^'^^ since these generate QMU^{MU_q)q as a module 
over MU^. 

That these values are as claimed follows from the relation 



for X G MU^"^^ = Ti2niMILo) and the action of "^mu homotopy groups. 

□ 

The following combinatorial lemma will be useful. 
Lemma 5. For 111,12 > 0, 



k=0 



k) n 
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where |™} denotes a Stirling number of the second kind. In particular, 

fc=0 ^ ' 




= ifn > m. 



Definition 6. For neN, define (xf ^ G A{MU) by 

fc=0 ^ ^ 

Proposition 7. The infinite sums Xl^o '^nO'^^, where an € Z, are well- 
defined operations in A{MU). 

Proof. By Proposition [21 we have the Adams operations '^\,ju E A{MU). 
So clearly finite sums of the a^^^ are well-defined operations in A{MU). 
To see that the same is true for the infinite sums, it suffices by completeness 
to show that a^^'^ — > as n — > oo in the profinite topology on A{MU). 

Now A{MU) is homeomorphic to homMTi''(QMUj MUc ^), MU*) with 
the dual-finite topology. Since QMUj MUf ^) and MU* are torsion-free, 
we have an injective map 

homMu4QMU,{MU,),MU*) ^ homMu^{QMU,{MUo)Q, MU^), 

given by 

This is a homeomorphism to its image, where the target is also endowed 
with the dual-finite topology. Thus it is enough to show that cr^^^ ® Iq — 
asn —>■ cxD. 

Using Lemmas m and [51 for x G MU~'^^, we have 




Thus, a^^^ {e^^riR{x)) = if /i < n and ® 1q is zero on the MU^- 
submodule of QMU^ ( MUr ,)n generated by the finite collection of elements 
of the form e^^irjR{x) where x runs through a Z-basis of MU^"^^ and h < n. 

Since QMU^ {MU.o)q generated as an MUq-modxile by e^'^r]R{x) where 
X runs through a Z-basis of MU^"^^ and /i > 0, it follows that a^^^ ® Iq — > 
as n oo in the dual-finite topology. □ 

Proposition 8. The map 

i : A{KU) A{MU) 



6 



M-J STRONG AND SARAH WHITEHOUSE 



given by 

oo oo 

n=0 n=0 

/5 an injective ring homomorphism. 

Proof. Consider Yl'^=o (^n<^n^ = ^ (^^q ^■n<7n^) in A{MU) and suppose 
ttm 7^ with m minimal. Since 



oo oo n y \ 



k 

MUi 



n=0 n=0 A:=0 

this operation acts on TX2m{MILd) 7^ as multiplication by 



oo 71 y \ 

EanE(-l)""'U 

^— n I — n ^ ^ 



n=0 fc=0 

Since we have assumed that a„ = for n < m, it follows from Lemma[5] 
that Xl^o O'nO'n^'^ acts on 7r2m(MIZ^o) multiplication by Omm! ^ 0. So 
^ anfJn^ is a non-trivial operation in A{MU) and therefore i is injective. 

It is easy to see that we have an algebra map: the product of two infinite 
sums is determined in both the source and the target by the products of 
Adams operations. □ 

We note that the injective map l above also respects the coalgebra struc- 
ture that we have on each side, since the comultiplication on a general infi- 
nite sum is determined by the fact that the Adams operations are group-like. 



We think of the image of l as the "Adams subring" of A{MU). Our main 
result (Theorem [171) is that this is the centre of A{MU). We can prove one 
inclusion immediately. 

Lemma 9. The image Im^L) is contained in the centre Z{A{MU)). 

Proof. It is enough to show that the operations cr*^^ commute with all el- 
ements of A{MU). It is clear from the action of on homotopy that 
l3Mu{^\du) commutes with all elements of Ab* {ii^( MU ^ ),'k^{ MU ^ )). So 
the same holds for ^Muio'n'^)- But by Proposition [H Pmu is injective, so 
0"^^^ commutes with all elements of A{MU). □ 



4. Diagonal operations and congruences 

Definition 10. Let E = MU or BP. Write V{E) for the subring of A{E) 
consisting of operations whose action on each homotopy group 'n'2n{E_o) 
multiplication by an element Xn of the ground ring R. We call elements of 
^^{E) unstable diagonal operations. 

Lemma 11. Let E = MUorBP. There is an inclusion Z {A{E)) C V{E). 
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Proof. We note that there is an injection E^{E) ^ A{E) from the stable 
degree zero operations to the additive unstable bidegree (0, 0) operations, 
given by sending a stable operation to its zero component. Indeed, this map 
fits into a commutative diagram 




Ab*(7r*(Eo),7r4Eo)), 

where sends a stable operation to its action on tt^(E) = 'k^{Eq). But, as 
noted in [[6l, ue is injective, so the map E^{E) A{E) is injective. 

In [jH Proposition 14] particular Landweber-Novikov operations were ex- 
ploited in order to show that, for E = MU and E = BP, a central stable 
operation has to act diagonally on homotopy. Using the above inclusion, we 
consider the images of these Landweber-Novikov operations and then ex- 
actly the same argument shows that commuting with these elements forces 
a central element of A{MU) or A{BP) to act diagonally on homotopy. □ 

We continue to study the injective ring homomorphism l : A{KU) — > 
A{MU) of Proposition [HI By Lemmas [9] and [TTl we have 

lm(0 C Z{A{MU)) C V{MU). 

Our aim is to show that Im(i) = V{MU) and thus Im(t) = Z{A{MU)). 
The strategy is to characterize V{MU) by a system of congruences and 
to compare this with a system of congruences governing the fC-theory op- 
erations A{KU). For future use, we will also set up the corresponding 
congruences for BP and the Adams summand G. 

For E = MU, BP, KU or G, the relevant congruences arise as follows. 
Let 9 e A{E) be a diagonal operation, so that 9 acts on 'K2n{EQ) as multipli- 
cation by an element A„ of the ground ring R. Of course, for KU and G all 
operations are diagonal. Consider the corresponding i?* -linear functional 
9 : QE^(E_q) E*. We get a set of congruences which must be satisfied 
by the A„, characterizing diagonal operations, arising from 9{x) E E* for 
all X G QE^{Eq). For all these theories, QE^{Eq) is free as an E'*-module 
and of course, we can let x run through a basis. 

Definition 12. We write Se far the subring of H^o consisting of se- 
quences (A„)„>o satisfying this system of congruences. 

To be more explicit about these congruences we recall some further in- 
formation about the Hopf rings of these theories. Let x^ G E'^{CP°°) be 
a choice of complex orientation class, so that E*{CP°°) = E*[[x]]. (Later 
it will be convenient to choose x^^ = ip^{x^^^) and x^ = i^^{x^^) where 

: MU — * KU and ip : BP — > G are the standard maps of ring spectra.) 
For any space X, there is a coaction map 

p : E\X) ^ E*{X)®QE,{Ej,); 
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see [111 6.26]. The standard elements bf E QE2i{E_2) are characterized by 
the property that 

CO 

i=0 

Note that = and 6f = e^, where e is the suspension element. 

For E = KU, a completely explicit formulation of the congruences, 
which can be found in [Si Theorem 4], is 

Y,ki~^)"'~^ \k) ^ n, r 11 ^ n 

; — — — G Z for all n > 0, 

n! 

where the are Stirling numbers of the first kind. We will abbreviate this 
system of congruences to 

Cn- XeZ for all n > 0, 

where we are adopting vector notation and 



nl 

A = {Xk)k>0- 



k>0 



The coefficient ring KU* is given by KU* = Z[u, u^^] where \u\ = —2. 
As is usual, we write v = r]R{u) E QKUnj KU _o]. One finds the congru- 
ences above by letting x run through the Kf/* -basis for QKU^ (KILo) given 
by the elements 1 and b^^v for n > 0; see 14, Theorem 16.15]. In more 
detail, the periodicity of iT-theory gives an isomorphism of .ft'f/* -modules 

QKU,{KU^) ^ KU* ®z QKUn( KU. ) 

and QKUni KU r,) may be identified with the ring of integer- valued polyno- 
mials 

A = {fiw) e Q[w] I /(Z) C Z}; 

see flSl [HI . The explicit congruences above arise from the binomial poly- 
nomial basis for the ring of integer-valued polynomials and the expan- 
sion of the binomial polynomials in terms of Stirling numbers. Another 
way of expressing the same thing is that TXx(b^^v) = Cn ■ K where ttx '■ 
QKU^( KU q) — > Z is the map determined rationally by 

Examples 13. The first non-trivial congruences in this family are 

A2— Ai 



2 

A3— 3A2+2A1 



G Z, 



6 G Z, 

A4-6A3 + IIA2-6A1 r77 

24 ^ 
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Since all operations in A{KU) are diagonal and diagonal operations are 
precisely characterized by the congruences, it is immediate that we have an 
isomorphism of rings A{KU) = Sku-, given by sending an operation to its 
action on homotopy. 

Next we give further details of the congruences characterizing V{MU). 
Consider the restriction of the map 

Pmu : A{MU) ^ Ab, (7r,(M^o),7r,(M/o)) 

to diagonal operations V{MU). By the definition of V{MU), this restric- 
tion may be viewed as a map 

oo 
n=0 

where we implicitly identify the homomorphism given by multiplication by 
an integer A on an abelian group with the integer A. 

Let 9 E V{MU) with acting on Ti2n{MlLo) multiplication by A„ G 
Z; that is, Pmu\{(^) = (An)n>o- We give some simple examples of the 
congruences satisfied by the A„ to illustrate how these arise. 

The coefficient ring of MU is given by MU* = Z[xi, X2, x^, . . .], where 
\xi\ = -2i. Using gl Theorem 16.9], the free M[/*-module QMUJ MU^ ) 
has generators (6^^^)°r/R(x), where (6*^^)" = (6f (6f . . . , for 
any finite sequence of non-negative integers ■ ■ ■), and x G MU~'^^°'^ 

where |a| = ^i- 

As noted in the proof of Proposition [H the main relation in the Hopf ring 
shows that rationally QMU^ ( MUq ) has Mf/* -module generators e^'^r]ji{x) . 

Examples 14. Consider 6f ^//^(xi) G QMUj MUn ). We rewrite 6f ^ 
rationally as \{e^rjji{xi) — xie^). Then 

dih^VRixi)) = ^^^y^X? G MU*. 

This gives the congruence ^^^^ g Z. 

Now consider h^^riR^Xi) G QMU^( MUq ). The same procedure as 
above shows that 

q/lMU I \\ (-^3 — 3A2 + 2Ai) 3 (A3 — Ai) 

6'(03 mK'^i)) = ? H 02,1X1 G MU , 



where 02,1 G M[/~^. 

So this gives us the two congruences 

6 3 

Notice that the three MU congruences we have produced here are equiv- 
alent to the first two i^-theory ones: the first two are the same and the third 
is redundant. 
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It follows from the definitions that we have an equality (3MuiJ^{.MU)) = 
Smu and since /3mu is an injective ring homomorphism, this gives an iso- 
morphism of rings ©(MC/) ~ Smu- 

5. The centre 

Our goal is now to compare the solution sets Sku and Smu for the con- 
gruences coming from K-theory and from complex cobordism. We will 
show that they are equal and this will allow us to prove the main result 
about the centre of A{MU). 

One inclusion follows directly from the existence of the map t : A{KU) ^ 
A{MU). 

Proposition 15. We have the inclusion Sk ^ Smu- 

Proof. Let A = (A„)„>o G Sku C HI^o ^- Then A = for some 6 G 
A{KU) and l^O) e A{MU), with = 9, = X. Hence, A e Smu- □ 

To prove the reverse inclusion we consider the relationship between the 
Hopf rings for MU and KU. The standard map of ring spectra ip : MU — > 
K induces a map of Hopf rings MU^ {MIL*. ) ^ KU* ( KU ^ ) . Hence there is 
an induced ring map on indecomposables QMU* {MIL,) QKU*( KU^ ), 
which we denote by 0. We now choose the orientation class x^'^ for K- 
theory to be (f)*{x^^). With this choice it is routine to check that (j){bf^) = 

br- 

Fixing 9 e T>{MU), we consider the MU congruences satisfied by 
0* = {Xn)n>o- It turns out, as the proof of the next proposition shows, 
that we obtain the X-theory congruences among these by considering the 
coefficient of in 9{b^f^riji{xi)). 

Proposition 16. Smu Q Sk- 

Proof. Let A G Smu- Then there is a 6* G V{MU) such that (9* = A = 
(A„)n>o G nrT=o ^- We define Vx : OMUJMU^) ^ Z by the composite 
TiO where tt : MU* — > Z is defined to be the ring map determined by 

Xi ^ 1, 

Xi 0, for i > 1. 
Thus we have a commutative diagram 

QMUj MUr, ) ^ MU* 

TT 

z 

and the diagonal map takes x G QMU* { MUq ) to some rational linear com- 
bination of the Xi, which the MU congruences tell us is in Z. 
It is easy to check that we can factorize as nx4> where 

d:QMUjMU^)^Im{(t>) 
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is the map given by restricting the range of 

: QMUJMU^) OKUJKU^), 

and 

tta : Im((/)) Z 
is the Q-linear map determined by 

Now 
So 

= C„ ■ A. 

But Vx{b^^^VR{xi)) = 7r^(6*^^%(xi)) G Z. So C„ ■ A G Z for all n > 
and thus A G S^- 

Hence Smu Sk- □ 

Theorem 17. The image of the injective ring homomorphism l : ^(Kf/) 
A{MU) is the centre Z{A{MU)). 

Proof. We now have the following commutative diagram, where both verti- 
cal arrows are given by sending operations to their actions on homotopy. 

A{KU) 4^ Imii)^^"^^^^ Z{A{MU))^^^'^^^'^ V{MU) 

1 _ Y 

^KU byProposidonsEU ^ ^^U 

andFTel 

It follows that the two inclusions on the top line of the diagram must be 
equalities and hence Im(i) = Z{A{MU)) = V{MU). □ 



6. The split case 

Let p be an odd prime. In this section we give the analogue of TheoremfTT] 
in the split p-local setting, that is with the Adams summand G and Brown- 
Peterson theory BP in place of KU and MU . 

Most of the steps in the proof follow those given earlier in the non-split 
setting. To get started we need to know that we can express all operations 
in A{G) in terms of Adams operations. 

Proposition 18. The topological ring A{G) may be identified with the col- 
lection of infinite sums {X]^o On<^n I ^ ^(p)}- where each 6"^ is a finite 
Ijf^pylinear combination of the Adams operations \E'^. 
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Proof. We can obtain A{G) from A{KU) by applying the Adams idem- 
potent cq. This idempotent operation acts on homotopy as the identity on 
TCniKILo) if is a multiple of 2(p — 1) and as zero otherwise. Thus we see 
that eo^l-f/ = We obtain the topological spanning set {e^o^^ \ n>Q} 
of A{G) from the topological basis of A{KU) given in Theorem [3l Each 
element is a finite linear combination of G Adams operations. Within this 
spanning set we can find a topological basis {(T„ | n > 0} of A{G). □ 

Explicit formulas for a choice of such topological basis elements for 
A{G) are given in flU Chapter 4], but we do not need these here. 

Theorem 19. There is an injective ring homomorphismi : A{G) A{BP) 
such that\m{i) = Z{A{BP)). 

Outline proof of Theorem\T9\ By PropositionfTSl we can identify A{G) with 

ln=0 J 

We define a^^ E A{BP) in the obvious way, by replacing G-Adams oper- 
ations by the corresponding BP ones, given by Proposition [2l The method 
of the proof of Proposition |7] shows that a^^ ^ as n ^ oo in the filtra- 
tion topology of A{BP). Since A{BP) is complete in this topology, we 
can define t : A{G) A{BP) by I^^o'^^'^n ^ Yln=o'^nC^n^ ■ This is 
an injective ring homomorphism, just as in the non-split case and the same 
proof as for Lemma|9]shows that Im(t) C Z{A{BP)). By LemmafTTl there 
is an inclusion Z{A{BP)) C V{BP). 

Recall that (3 bp is the injective ring homomorphism 

/3bp : A{BP) ^ Ab,(7r,(5Po),7r.(SPo)) 
Restricting to V{BP), we have a map 

oo 

f3BP\:V{BP)^l[Z^p). 

n=Q 

Consider the congruences satisfied by /3bp\ (9) = {fin)n>o, where the opera- 
tion ^ acts on 7r2(p_i)„(5PQ) as multiplication by Wehawe ^Bpi^^iBP)) = 
Sbp, and thus an isomorphism of rings V{BP) = Sbp- 

For E = BP or G, we write = b^i and we recall that all the other 

w p 

Hopf ring elements bf are redundant. Let (6^)" = (^^))°°(^^))"^ • • • for a 
finite integer sequence a = (ao, cti, . . . ). 

Then, using [4, Theorem 16.1 1(a)], we find that QBP^i BPr ,) is free as a 
i?P*-module and it is generated by elements of the form {b^^)°'r]ji{v) with 
V G i?P^2|"l where |a| = ca- 

So the BP congruences come from 6({b^^)°'r]R(v)) E BP*, for v and a 
as above and we now compare the solution sets for the BP and G congru- 
ences. 
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The inclusion Sq Sbp follows directly from the existence of t. 

For the reverse inclusion, we consider the ring map QBP^( BP r,) 
QG^{Gq) coming from the map of ring spectra cj) : BP G. This takes 
h^^ to h^. Write G* = Z^p)[u,u-^] where \u\ = 2{p - 1). The elements 
Qp^yi- span QG^{Gq) as a G'*-module, where v = rjR{u) and i E Z satis- 
fies ^ ttj = i{p — 1). Let {/„ I n > 0} be a Z(p)-basis of QG'o(Gq). Then 
we can express each /„ as a G'*-linear combination of the This 
means that, up to some shift by a power of u, each /„ is in the image of 
the map from QBPJ BPq ). The analogous proof to that in Lemma [T6l now 
shows that Sbp ^ So- 

Therefore we have the following commutative diagram, where both ver- 
tical maps send operations to their actions on homotopy. 

A{G) lm{iY Z{A{BP)Y V{BP) 

y _ I 
Sg ^ Sbp 

It follows that Im(t) = Z{AiBP)). □ 
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